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An encounter-evasion differential game is studied for control systems with after-
effect [1 —4], A feature of the system being analyzed is that it has a time-

lag effect with respect to the controls which provides the system with import-
ant new peculiarities. Using the investigations in [1 —41], conditions for the
solvability of the problem are indicated and the required control procedures

are constructed,

1. The control system

x. == .fl (ty x, u, ur) + fz (ta z, U) (1- 1)
uwt'=u(t—r1), tlty, 8], v =const, O<<T << — 1
M@ = u, w)+hi, z, I<x@+z]), » = const

is given, Here z isthe n -dimensional phase vector; the ry-dimensional vector
u and the ry-dimensional vector v are controls subject to the conditions ¥ & P
and v & @, where P and @ are compacta; the r; -dimensional vector u® is
connected to vector u by the relation shown; the functions it x, u, ©®) and
f2 (t, x, V) are defined, continuous and continuously differentiable in = onl[t,, 0]
X E, X P X P and lty, 8] X E,, X Q (E, isthe n - dimensional Euclidean
space), respectively and the condition stated is fulfilled in the domain of definition,
The encounter problem consists in choosing the control ¥ that takes the phase
vector of system (1. 1) onto a specified set M in specified time, regardless of any
admissible realization of control v, The evasion problem consists in choosing the
control v guaranteeing that system (1, 1) evades contact with set M , regardless of
any admissible realization of control u . Let us formulate the problem more precis-
ely. Everytriple p = {t; z; u (5), — 7 s << 0}, where t = [, 0], z = E,
and u (s) = L? [— v, 0), is called a position, Here L2 [— 1, () is the space of
functions square summable on interval [— ¥, 0) . A mle associating a set U (p) C
P (V (p) C Q) with each game position p is called a strategy U (V). The initial
position pg = {to; %o} Uy (8), — T < 5 <C 0} is assumed given. Let A denote
some covering of interval [£;, O] by the half-open intervals v; <C ¢t << 1443, Tp =
to,i =0, 1, .... N(A)let § = max; (Tisa — Ti)- By z(t, po, Uly we
denote a function z [t]5, absolutely continuous on [#,, 91, satisfying the intial con-
dition
x [to]A = Ty (1.2
and for almost all £ from the interval{t,, @1, the equation
ltla=f@¢ zltha, wlt], ult — D) + 7, (¢, z [tls, v ) (1.3)

uwltl = ulvyl e U (v xIv]a; U lsl, —v<s<<0)
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te vy, ta), i=0,1, ..., N
u[t——‘t]=u0(t—1‘—to), tE[to, to+T), u,(s)su(t-{—
S)’SE[—Ty O)

Here v [#] is some realization of the control, being an integrable time function with
values in (} . Every continuous function possessing the following property: a sequence
of coverings {A;} with 6; — O exists such that some sequence of functions {z {t, po,
Ula,} converges uniformly on [¢y, 8] to  [£, po, Ul,is called a motion g [¢] =
z [t, po, Ul from position py, corresponding to startegy /. A motion z [¢]
=z [t, po, VI of system (1,1) from position p,, corresponding to strategy V,
is defined similarly,

Problem 1.1 (encounter). System(l 1), the time interval [to, ﬁ],
an initial position p,, a closed boundedset M (C E, and a number ¢ >> 0 are
given, Construct the strategy U° guaranteeing the fulfilment of the condition z [8]
& M* for any motion z [¢t] = z [¢, po, U°l. Here M° is the closed c -neighbor-
hood of set M.

Problem 1, 2 (evasion). System(1,1), the time interval [to, 0], an
initial position pg, a closed boundedset M ( E, and anumber ¢ >0 are
given, Construct the strategy V° guaranteeing the condition z [#] && M° for any
motion x [¢] = z [¢, py, V°I.

Sufficient solvability conditions for Problems 1.1, and 1.2 and a method for const-
ructing the required control procedures are presented below,

2, Let a functional € (p) = & (8 x; uy (s), — 7 <C s << 0) be specified on the
space of positions, satisfying the following conditions:
1°, Functional g (p) is continuous under a change of position p, in the follow-
ing sense: if the sequence of positions {px} = {{tx; Zx; Utk(k) (s)y —1 << s < 0}}
is such that ¢ — ¢, and xx — T, as k — oo and u® (t, + s) = u* (¢, + )
whense= [— v, 0) () [ — t, — 7, ty — t,) forany [, thene (px) = € (Px)
= & (ty; Ty U™ (5), —T(s<<0) as k— oo.
2° e (t; a3 u® (), =t < s< 0) = e (¢ ; u® (s), — T < s << O)when
te= [0 — v, 8] ifonly w,® (s) = 4™ (s) when se=[—7, & — v — ).
3° Anumber ¢ > 0 exists suchthat & (9, z, us (5)) = ¢ (¥, ) > ¢ if
x &£ M-,
In addition, let the following conditions be fulfilled in the region ¢ <C ¥ and
c<<e(p)<< P +c, whee 8 >0.
4° The function & (f, x, u; (s)) possesses continuous partial derivatives de /
or;, i =1, ..., n,iorfixed t and u; (s).
5° If function y (f) is right-continuous at points t and ¢ — T, then the repres-
entation
et At, z, upa () —e(t, 2, us (s)) = (2.1
D (t, x, u, (s), u (t), u (t — v)) At + o (Af)

is possible, where At >0 and D (¢, z, u,(s), u (), u(t — 1) = D (p,
u(t), u(—r) is a functional continuous in all arguments, where the continuity
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with respect to a change in position p is understood in the sense of condition 1°.
6°. The inequality

min {22 £, (¢, 0,y (¢ — T))} 4D ult—1)+ (2.9

ueP

de
",,Z‘g{az fa (t, x, v)}<0

is valid,
Note 2.1. Inaccord with condition 2° the functional D (¢, z, u, (s), u (2),

w (¢ — 7)) in(2.1) depends only on ¢, z, u, (s) and u (¢ — T)when t & [0 —
t, O], therefore, condition 6° takes the form

min {%— frlt,z,u,u(t —~1)) - D(¢t, x,u (), u, u(t — 1:))} -+ (2.3)
uesP

max{ g; falt, x, v)} <0

ve=Q

Analogously to [2] we introduce the concept of an extremal strategy U°®. If
e(p)<<ce or e(p)>c -+ B, weassume U° (p) = P; ifc < e (p)<c + B,
then U° (p) is the set of vectors u° & P satisfying the condition

min {-‘3—2- Fr(ts 2wy e (E — 1)) - AD (£ 2, 1 (8), s u (t — -r))} -
=3

2 fit o wt,u(t — 1) + AD (3w ), W u @t — 1))

0, t=[9—r1,17]
:{17 tE‘:[to,'ﬁ——T)

The following theorem is valid,

Theorem 2,1. Leta functional € {(p) exist satisfying conditions 1° —3° and
satisfying conditions 4° —6° in the region ¢ << ¥ and ¢ << e (p) << c¢ + B, where

B >0 . Then, if & (po) < c , the extremal startegy U° solves the encounter

Problem 1.1.

The evasion problem is solved analogously.

Let a functional € (p) be given, satisfying conditions 1°, 2° and the following
condition;

3°a. A number ¢ > 0 existssuchthat ¢ (&, z, ug (s)) = ¢ (¥, z) < ¢ if
re M

In addition, let conditions 4°, 5° and the following condition 6°a be fulfilled in
the region ¢t <<U and ¢ — vy << e (p) < ¢, where y > (:

6°a. The inequality resulting from (2. 2) when the sign < is replaced by the sign
> is valid.

Note2.2. When t & [® — 7, 9] the last inequality can be represented in
form (2, 3) with the sign < replaced by the sign >,

We define the extremal strategy V° as follows: if € (p) >¢ ore (p) < ¢ — 7V,
then V° (p) = Q; if c — vy < e (p) < ¢, then V°(p) is the set of vectorsy® & Q
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satisfying the condition
de _ O o
max {2 2, 7,0)} = = fa t, 2, )

The following theorem is valid.

Theorem 2.2, Leta functional & (p) exist satisfying conditions 1°, 2°and
3°a and satisfying conditions 4°, 5° and 6°a in the region ¢t <C ¢ and ¢ — y <<
e(p) << c, where Y>>0 . Then, if e (py) > ¢, the extremal strategy V°
solves the evasion Problem 1, 2,

We obtain the solution of the differential game of encounter-evasion with target
set M¢ atinstant @ by combining Theorems 2.1 and 2.2,
Theorem 2.3, Leta functional & (p) exist satisfying conditions 1° and 2°,
the boundary conditions
e(8,z) =min {|z—m|} 2.9
meM

and conditions 4° —6° in some region 0 <C 0o << & (p) << 6° and ¢t << &, where
(2.2) in condition 6° is fulfflled with the equality sign. Then for any initial position
Do and for any number ¢ such that 0y << ¢ <C ¢° either a strategy U° exists
such that z [8] & M* is fulfilled for any motion z [¢t] = z [£, po, U°l or a
strategy V° exists such that z [8] €& M* is fulfilled for any motion z [t] = z [z,

Do, 'VO]’.

3. Let us discuss the possibility of constructing a functional € with the properties
required, relying on the results in [2]. We consider probability measures v; (dv)
depending on t & [f,, ¥) and defined on set @, satisfying the condition of weak
measurability: the function

BEO = Ja6)vi@)

must be Lebesgue-measurable on [#g, @) for every continuous function a (v) . We
consider as well probability measures p; {(du) dependingon { & {tp —1,9) and
defined on set P , satisfying an analogous condition of weak measurability. For
every probability p; (du), weakly measurable on [f, — 7, #),we can define a
measure iy 1 (du, du¥) = pi— (du¥) pe (du), weakly measurable on [#o, ®) ,
defined on set P X P for each value of ¢ & [t,, @) Having the function @ =,
weakly measurable [ty — T, 0), and the function v = v, weakly measurable on
[£,, 9], we can construct measureson [£y, #) X P X P and[fy, #) X Q,respectiv-
ely:p* (dt, du, du®) = py (du*) u; (du) dt and v* (dt, dv) = v (dv) di.By
the weak convergence of functions u;, ¢ & [£,,®) we mean weak convergence in
the space of linear functions

0
Bus (@)= § § § 0w w9 poc (@) (duy de

defined on the space of functions o (¢, ¥, u%) defined and continuous on [, #) X
P x P. Correspondingly, the weak convergence of functions v;, ¢ & (%o, \‘}), is
weak convergence in the space of linear functionals
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4

Bur@) =\ § o (¢, v) v, (dv) at
Q

to

The sets of measures of form py« (du®) p, (du) dt and v, (dv) dt, constructed
above, are sets weakly closed and weakly compact in themselves, The weakly
measurable functions p = py (v = vy), t & [t,, ¥), whose values are the probab-
ility measures p; (du) on P (v (dv) on Q) are called program controls on the
half-open interval [t*, ¥) . The weakly measurable functions p = Piptss S &

[—7, 0), whose values are the probability measures p,, ., (du) on P are called
the prior histories of the program control to the instant £,.

A solution of the differential equation with initial condition

2 = § fels oo w) e (@t e ) + § e, 2, 0) v, 00,

P P Q
Z(ty) = 2y

is called a program motion x (¢, %,, T, Wi+s, M, V:) generated by program
controls p, and v, by the prior history p,,,, s & [—7, 0) 4 of the program con-
trol to the instant ¢y and by the injtial values f, and =z, . We consider two auxili-
ary problems,

Problem 3.1, Given the triple {{4; T4} Rts, —T <C 5 << 0}, a bounded
closed set M . E, and a program control v, ¢ & [y, ®). Among the prog-
ram controls M find the optimal minimizing control p,°, ¢t & [t,, ¥), satisfying
the condition P (@ (D Ly Tyr Ptgerss Wi, V) M) =

rﬁin {0 (2 (B, £y, Ty Prgeasy Was Vi) M)}
t
p(x, M) = min{|lz—m|}

meM

Problem 3.1 has a solution for every &y, Ty, M+s and v; . Indeedp (z, M)
depends continuously on r , while in its own turnz = T (8, £, Zy, WReyesy Wiy Vi)
depends continuously on the program control p,, t & [t,, ®), as can be verified
[2], if the proximity of the program controls |, to each other is estimated in the
weak topology. Then the functional o (z( ®, t,, %y, Wewsr Ber Vi), M) achieves,
on the weakly compact set {p,, ¢ & [t,, ©)} of its arguments, a minimum on some
control p,° . The optimal program control j;° solving Problem 3, 1 satisfies a
certain condition that is an analog of Pontriagin‘s maximum principle transformed for
systems with a nontrivial time lag in the control variable (see [6D.

Theorem 3,1, Letthe inequality

min {p (.’L‘ ('\l}q t*, Loy Migersy P vt)’ M)} > 0
My

be fulfilled under the hypotheses of Problem 3.1. Then the optimal program control
¢’ and the program motion z° (t) = « (Z, ty, Ty, My4s, 1, v,) generated by
it satisfy for almost all ¢ from [¢,, @] the conditions
V s 6200, n w9 pic @ ne (@) +
P

P
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x§ \ S 40 Fe(t 4 7, 2 (4 T, e, ) 0 () it (dte) =
P

\ min {s (t) f (¢, 2° (©), u, u¥) i< (du) +
P ueP

As (£ -+ T) fo(t + T, 2° (¢ + T), ey ) prge (dite))
_ 1, t=[t,, 0 — 1)
{O, te[d—1,19)

Here ur = u (¢ + t) and s(fy is a solution of the equation with boundary con-

dition z° (8) — m°
S(t)= —L(t)s(), "= T =T (8.1

Lo =\§ [3], @@ +§ BRI
PP

xe(l)

where m° is the point of M closest to z° (§) (possibly, nonunique).

Problem 3.2, Given the triple {ly, Zg; Biyrs; —T << 8§ << 0}, a bounded
closed set M and an instant & . Among the program controls i, andv,, ¢ & l¢,,
¥), find the optimal maximizing pair {u,°, v,°} of controls, satisfying the condition

p(x (‘0,t*,$*, Pt gtss ”107 Vto)vM) = (3.2)
n:lin {p (.’L' (07 Ly Loy Pt 183 Wiy vto)’ M} =
t

mfx nﬁin {0 (2 (D) Lyy Tges Wi oy ooy Vi)y M) = €t Tyr Pt,16)
t W

By reasonings similar to the proof of existence of the solution of Problem 3.1 it
can be verified that Problem 3, 2 has a solution for every f,, z, and M-

We say that regularity conditions are fulfilled in region 0 <C 0y << & << 0° if
for every triple {t,; Zy; Wi4s, —T << 8 << 0} such that 0 < 0o <T & (Z4, Ty, lt,ss)
<C 0°, Problem 3.2 has a unique solution {1:°, v,°} (to within coincidence on a
set of measure zero) and the value m° & M minimizing p (z (8, 4, Ty, Hi s,

e, v¢°), M) is unique as well,

Theorem 3,2, Let the regularity conditions be fulfilled in region 0 < o
< & <<0®. Thenif 0g << e (g, Ty, Mt,es) << 0°, the optimal  maximizing
control v,° of Problem 3.2 satisfies the following condition:

§s0) 6,20, 0) v (@) = max{s @) fo(t, 27 (0, 1))
Q

for almost all ¢ & [£,, ®]. The conclusion of Theorem 3, 1, wherein z° (¢) should
be replaced by z°° () == x (2, ty, = (¢, tg, Ty, Weurss W, V¢) s fulfilled for the
optimal minimizing control p,° of Problem 3,2, The value $ (£) is determined
from (3,1) where m° should be replaced by m°°, and z° (t) by z°° (t), and Vi
by 'Vto.
Thearems 3,1 and 3,2 are proved by proof pian for Lemma 36,1 and 37,1 in [2].
The quantity € (tgy Zx, Wi,+s) is determined also when Lebesgue —measurable
functions u,, (s) mapping the half-open interval [—v, 0) into P are prescribed
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instead of the functions pi,, whose values are the probability measures y, ., (du?),
Consequently, the quantity & (p) is defined for each position p = {t; z; u, (s),
—T < 5§ << 0)}. The sets of all {z, u, (s)}such that & (f, z, u (s)) << ¢ are called
program absorption sets W,° of target M°. Thus , {2z, U, (5)} & Wy, if and only
if for every choice of program.control v, (¢ & [£,, #)) among the program controls
u; (t & [¢,,9)) we can find at least one such that the inclusion z () = M® is
Jfulfilled for the program motion Z (f) = x (¢, t,, Ty, U, (5), Ky, vi) .
Theorem 3,3. The functional & (py) = & (f4, Ty, Uy, (5)) defined by
(3. 2) satisfies conditions 1° and 2° and the boundary condition (2.4). If the regularity
conditions are fulfilled in the region 0 <{ 0y << & << ¢°, then conditions 4° —6° are
fulfilled in this region, and

de
[W]{t.,x.,u,,(s» =5ty (3.9)
D (tx, Ty e, (), u(ty), w (b — 7)) = (3.4
)‘S $(ty 4 U) fr by + 7, 2% (Ey + T), U, w(Ey) P‘:.H (du) —
P

min {s (£,) fr (e Tgo 4, U (£ — T)) +
ueP

M 5t 1) el + 1 2% (b T, e, 1) e ()} —

P
max {s (t,) fa (t4, T4, U)}
veQ

N {1, ey E1tg,— 1)
0, t,e[®—1,9]

and in condition 6° the bounds (2.2) and (2. 3) are fulfilled with the equality sign,
The quantities p,°, v,°, z°° (¢) and s (¢) here are the same as in Theorem 3, 2.

To prove Theorem 3,3 we can use the reasonings in the proofs of the analogous
statements in [2].

© 4, As an example we consider the linear time-lag control system
=AWz +BOu) +BQut—7—=C@Ov)+w® (41)

The matrices A (2), By(t), By(t), ¢ (1) and w (¢} are continuous functions on [z, 9.
We assume that sets P, Q and M are convex, To be specific we consider the Problem
1.1, of encounter with set M , The program controls here are any functions u (¢) (v (2))
Lebesgue —integrable on interval [ty, 8]y with values in P (Q). Using the Cauchy
formula and the separability condition for target set M and the attainability set, we
can establish the form of the program absorption set Wi.

Theorem 4. L. {z; ut(s),— t<<s <0} = W; if and only if 9y (¢, 2, ut (s))

<. 0, where o

V6 2, w0 () = max {5’ max (LF (8, %) C(£) () d5 — M — (4.2)

L) ki
max {IF (9, £) B, ) u (§)}dE — | IF (9, %) w () dE —
ﬂ:él) ueP 5
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‘Vlzf(?\)
‘S IF@,t41-F ) Bt + v+ 8)u; (s)ds — IF (&, t)z -+ min lg},
-t ge=M
e En, A= {
Bt
1= { maxF (8§ Bi(0) -+ F (9, £+ 1) Ba (5 + 1] u (@)} %
t

9—-1, A=1
m(’»)~{ b =0, nz(k):{,ﬂ

1, te€t, 0—1)
0, te 60—, 0)

0 , A=1
—t—t, A=0

Here F (8, &) is the fundamental matric for Eq. (4. 1), i.e., an n X n -matrix with
the properties F (¢, 1) = E and aF (¢, §)/ 6t = A (1) F (¢, &): E is the unit matrix,
We assume that the regularity conditions are fulfilled in region 0 <{& < oo,
Using the results in Paragraphs 2 and 3 we construct the extremal strategy U°, The
equation and the boundary condition for the quantity s (f) in the linear case take the
form
SW=—A{s),s® =70

Then

s()=—F@,r (4.3)

where [° is the vector supplying the maximum in the expression for v (¢, x, ut (s))

in (4.2), From (3.4), making appropriate changes, we obtain
D(t, 2, up(s), u(t) ut— ) =As(t+7) Bp{t + T)u {t) — Hgg{s () B () +
As(t -+ ) By (t + t)u} + gg {s () C () v)— s (){ A(t)x +By(t)u(t — ©)-+uw(1)}

;‘__{1, e [t O — 1)
o, te[®—1, 0]

(4.9

Using (4. 3) and (4. 4), we obtain by Theorems 3, 3. and 2, 1 that the extremal strategy
U® solving in the regular case the problem of encounter with set M (if the initial

position p, is such that y (p,) <C 0) is specified as follows, If vy (p) <0, then 0°
(p)=P . If y(p)>0, then

PIF (. t)B, (1) + AF (8, ¢t +7) By (t + 7)) u° = (4.5)
ma§{1° [F (8, ) By (t) +AF (B, t -+ 1) B (t + )] u}
uwe

A 1, tet, ¢—1)
“{O, te (8 —1, 9]

In the case given the regularity conditions signify, according to the definition in Para-
graph 3 and to Theorems 3,1 and 3,2, that when v (p) > 0, first, the vector ©°
supplying the maximum in the expression for v (p) is unique and, second, 2 unique
(to within coincidence on a set of measure zero ) control pair {«° (1), »° ()} exists,
specified by conditions (4. 5) and the condition

PF (0, 0C(t)r° = mag {IPF (8, t)C(t)v} (4.6)
v
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Note 4. 1. Inthe example being analyzed we can weaken the regularity con-
dition, requiring only the uniqueness of the vector I° supplying the maximum in the
expression for y (p) > 0 (see [1,2]). This requirement reduces to the requirement
that function y (1) be concave in !, specified by the condition

4 0-t
00 = [mestr 0,900 @8 [ maxuir 0,950 +

t
g
F(8,5+ ) By &+ 0)]u (®)) &% — | max (1F (8, £) By (¢)u ()} + minlg
mueP <=M
A=1, =0 —1 1=, 4—1
A=0, w=1t ts{d—r1190

Note 4. 2. The function 1y, (/) is certainly concave in I for any t € [¢, 8]
if a convex set R (¢) exists such that
[F@ OB () +AF (B, t +0)B, (¢ + )P =F (8, 1) C(1)0Q+ R ()
;\.——{1' te(ty 0—1)
o, te[d—1, 9
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